We report a calculation of the eld spectrum of a single-mode semiconductor laser with weak optical feedback and compare it with numerical simulations. We show that the change in the spectral properties induced by weak feedback can be obtained by a simpler model which introduces frequency dependent losses. The increase in the asymmetry of the side peaks of the spectrum with increasing feedback delay time is characterized.
Despite the large practical interest in a good theoretical characterization of the spectral properties of semiconductor lasers 1] some aspects of this characterization remain unclear. Linewidth broadening due to the -factor 2], the presence of side bands associated whith relaxation oscillations and the asymmetry of these side bands 3] were understood long ago. However only recently 4] an explicit analytical calculation of the optical spectrum has been reported. On the basis of this calculation it has been proposed that the -factor can be determined from the asymmetry of the side peaks. It is also well known 1] that a weak optical feedback yields linewidth narrowing and it has been proposed and demonstrated 5] that spectral narrowing is associated with a frequency dependent loss mechanism. The similar e ects can be undestood since the crudest e ect of passive feedback is to render the facet re ectivity frequency dependent 6, 7] . Again, an explicit calculation of the optical spectrum of a semiconductor laser with weak optical feedback taking into account spontaneous emission noise has only recently been reported 8] . Also the proposal in 5] has not been substantiated with a calculation of spectral properties from semiconductor rate equations with frequency dependent losses. The purpose of this paper is twofold. First, we report a calculation in a nite time window of the optical spectrum in the presence of weak optical feedback and we compare it with numerical simulations. The modi cation of the degree of asymmetry of the side peaks due to the feedback is characterized. Second, we show that in addition to linewidth reduction, other spectral properties induced by weak feedback such as side peak frequency shift, side peak power asymmetry and relative weight of central peak and side peaks are equivalently modeled by a simpler model which introduces frequency dependent losses. 
where E is the complex slowly varying amplitude of the electric eld, n is the carrier number, G and 0 are the gain and cavity losses respectively, the linewidth enhancement factor, e the carrier lifetime, J the injection current, is the feedback coupling parameter and the feedback delay time. The oscillation frequency of the laser at the transparency value of the carrier number n t is ! t . The cavity gain includes gain saturation e ects of the form G = g(n ? n t ) ( Typical values of the parameters in (1), (2) The spectral properties can be calculated by linearizing eqs. (1) and (2) around the steady state, I = I 0 , n = n 0 and (t) = 0 Writing I = I 0 + I(t) and n = n 0 + n(t), assuming that I and n are small, and assuming also that close to the steady state and for small delay time , I(t) I(t ? ) and (t) ? (t ? ) ' _ , it is straightforward to obtain closed linear equations in Fourier space for I(!), n(!) and (!). The associated characteristic equation allows the identi cation of the ! values for which the eld spectrum jE(!)j 2 shows side peaks. In general these peaks are associated with the competition between relaxation oscillations of the semiconductor laser and the external cavity resonances ! n 2 n ?1 8, 9, 10] . For large injection currents relaxation oscillations are suppresed, while for weak feedback the external cavity resonances are largely damped. We focus here on the very weak feedback limit, in which only side peaks associated with relaxation oscillations remain, although modi ed by the optical feedback. This regime is within region I of 11], while for large optical feedback one enters the regime of coherence collapse. For the parameter values used here we have checked that the damping associated with external cavity resonances is between 100 and 10 times larger than the one associated with the relaxation oscillation frequencies when varies between = 10 ?5 and = 10 ?1 . In this range of feedback parameters side peaks dominated by external cavity resonances are of no signi cance. In the weak feedback limit, Equations (3)- (5) 
Linearization of (6)- (7) and (2) reproduces exactly (3)-(5) when C is chosen as in (6) . Therefore, close to the steady state and for weak feedback the physics contained in (1)-(2) can be described by the much simpler equations (6)- (7) and (2) with a rede nition of the parameters 0 and ! t . Mathematical simplicity is gained because of the absence of a delay term. However, feedback e ects give rise, through the frequency dependent losses, to an equation for the photon number, I, which is coupled to the equation for the phase. The dependence of 0 0 and ! 0 t on the feedback parameters and gives negligible e ects in the calculation of the spectral properties as compared with the changes introduced by the term 2C _ in (6) . In practice, the e ects of di erent weak feedback conditions can be studied from (2), (6)- (7) 
Using the Gaussian properties of (t) and I(t), the eld power spectrum in a nite time window is given by 
The integral of the term 1 ? C (0) + C II (0)] in (9) gives the central peak with linewidth L . The remaining terms in (9) give rise to the side peaks which are associated with phase-phase, amplitude-amplitude and amplitud-phase uctuations, this last term being responsible for the asymmetry of these side peaks. An explicit expression for the eld spectrum and its dependence on the time window T has been obtained from (9) by direct but lengthy integration in the complex plane.
Our analytical results for the eld power spectrum obtained from (9) are shown in Fig.1 for a time window with T = 8388:61 ps. A direct comparison with the result from the numerical integration of the stochastic equations (1), (2) is shown in Fig.2 . For the numerical integration we have used a time step t of 8 10 ?3 ps and the average is taken over 10 2 spectra. We collected 8192 points for E every 0:1024 ps in the time window T and Fourier transform E using a standard FFT routine. The comparison between theory and simulation, with no free adjustable parameters, is very good. We are not aware of any other direct comparison of analytical results and simulations for the eld spectrum, even in the absence of feedback. The explicit inclusion of a nite time window allows for a direct comparison of the calculated spectrum with numerical or experimental results.
Our result (9) permits to explore the changes in the eld power spectrum due to di erent feedback conditions. It is clear from Fig.1 how increasing the feedback delay time gives rise to a linewidth reduction, a shift of the relaxation oscillations side peaks and a larger asymmetry in the side peaks. The linewidth of the central peak can be obtained from (3) (11) which coincides with the standard result 1] for the linewidth of a semiconductor laser with weak feedback. In addition, (11) reproduces for the phase variable de ned in (7) the result of 5] for a simple Van der Pol model with frequency dependent losses. Equation (11) identi es the linewidth reduction caused by the feedback whenever C < 0. This re ects through the de nition of C, the adequate phase matching of the optical feedback. Our model with frequency dependent losses and a positive value of C gives rise to a linewidth broadening. The modi cation of the degree of asymmetry between the side peaks due to optical feedback is easily discussed from our result (9) . We show in the inset of 
